data of Hussein et al., 1994, up to rlx = 0.18. At the edge of the jet, the results are mixed and any agreement with the similarity or the numerical solutions appears to be coincidental. The radial profiles of the turbulent shear stress are shown in Fig. 4 . The shear stress results of similarity solution I show a close agreement to the experimental data of Wygnanski and Fiedler at the core of the jet as well as in the far field, up to a radial distance rlx = 0.2. The similarity solution II agrees better with the experimental data of Hussein et al. ( 1994) .
IV Conclusions
A similarity method has been developed to transform the partial differential equations of a round axisymmetric jet onto ordinary differential equations. The k-E turbulence model equations are also transformed. The results obtained from the optimized similarity solutions agree well with available experimental data of the velocity and the shear stress profiles.
Introduction
The Reynolds ridge is a well-known phenomenon first observed in 1854 by Henry David Thoreau. It was then rediscovered by Langton in 1872, but Reynolds was the first to recognize that the surface tension difference was the physical mechanism behind its formation and saw the equality between the case of a spreading film and that of a stagnant film met by oncoming flow. However, it wasn't until McCutchen in 1970 that the prediction of a boundary layer forming beneath the film was introduced as the cause of the surface deformation rise ahead of the film due to the retardation of the flow. The first quantitative theory of the ridge was formed by Harper and Dixon (197 4) , who stated that the surface tension gradient balances the viscous shear stress generated in the boundary layer. Experimental studies of the ridge so far include Schlieren visualizations by Sellin ( 1968) as well as by Scott ( 1982) who measured the surface slope across the ridge and found good comparisons between the theoretical results of Harper and Dixon. Finally, it was Scott who recognized that even at very low levels of surface contamination the Reynolds ridge is found to exist.
The more recent interest in the study of the Reynolds ridge is its application to studying flows on the ocean surface. Naturally occurring soluble and insoluble surfactants abound on the ocean surface. Thus, a study of the effect of surfactant gradients and the consequent production of vorticity in the vicinity of a Reynolds ridge, can provide insight into the overall understanding of the air/water interface of the ocean surface. 
Theory
The equation for surface parallel vorticity, as derived from Lugt (1987 Lugt ( , 1988 , Lundgren (1988) , and shown by Gharib and Weigand ( 1995) , in a two-dimensional curvilinear coordinate system is:
where s is the surface tangential coordinate, r is the surface normal coordinate, z is the coordinate normal to the two dimensional plane defined by r and s, R is the radius of curvature of the free surface, a is the surface tension, and the shear force due to air is included but most often assumed negligible. From this equation it is obvious that the surface tension gradient plays an important role in the boundary condition at an interface. It will be shown how this boundary condition results in a vorticity flux at the free surface.
So far, as stated above, it is understood that the physical mechanism for the free surface elevation at the leading edge of a surfactant monolayer is due to the retardation of flow within the boundary layer beneath the film. However, this deceleration of the flow ahead of the film, due to the presence of a surface tension gradient, provides a source of vorticity at the free surface. For the case experimentally tested, the Reynolds ridge is stationary in front of a stagnant film met by oncoming flow (see Fig. 1 ). (Note in Fig. 1 x andy are defined as the surface parallel and normal coordinates respectively to correspond with the presentation of the results.) For this steady-state case, where the normal component of velocity at the free surface is inherently zero and the pressure at the free surface is constant, the equation for the vorticity flux at a free surface as derived by Rood ( 1995) and Gharib ( 1992) simplifies to: (2) such that B is the angle between the free surface and g, the direction of gravity. Thus a positive value of the right hand side implies a positive flux of positive vorticity into the flow at the free surface. Also, for this case, it is obvious that the vorticity flux at the free surface can be attributed to two sources: ( 1 ) the deceleration of the flow at the free surface and (2) the local slope of the free surface due to a change of B from ninety degrees. Thus, experimentally measuring these quantities will indicate the dominating source of vorticity generated at the free surface in the presence of a Reynolds ridge.
Experimental Setup
A small free surface water tunnel with a 4 in. X 4 in. X 12-in. long test section, as shown in Fig. 2 , was constructed to provide the formation of a Reynolds ridge for experimental study. For the results presented, Sodium Dodecyl Sulfate ( SDS), a soluble surfactant, was used as a surface contaminant to form the surfactant monolayer behind the Reynolds ridge. First, the surface slope was measured using a new technique developed by Roesgen (1996) . In short, it involves measuring the displacement of collimated light, as it travels from below the free surface, through the use of an array of microlenses. By imaging the focal plane of the lenslet array and measuring the displacement of the focal points, one can measure the slope of the free surface at each focal point. Simultaneously, a separate experiment was performed to acquire the Digital Particle Image Velocimetry (DPIV) images of the flow. A CCD camera was set up focusing on a small region of 0.5 em X 0.3 em. An argon-ion laser sheet was then shuttered with the camera signal to provide two instantaneous digital images with a known time difference between them. These images were then processed using the DPIV technique as presented by Willert and Gharib (1991) to provide velocity and vorticity fields of the flow.
Results
First, the free surface slope across the Reynolds ridge was measured. Figure 3 displays the data integrated to show the free surface deformation or height profile. This data is found to agree qualitatively with the slope profiles measured by Scott (1982) . The velocity field in the vicinity of a Reynolds ridge, displaying the boundary layer beneath the surfactant film, for a free stream flow of 12 crn/s is shown in Fig. 4 profile near the free surface far1her downstream. Other data obtained shows this trend to continue farther downstream of the ridge. In addition, the vorticity field calculated from the velocity data is shown in Fig. 6 . Also extracted from the velocity data was the velocity profile along the free surface as shown in Fig. (2)) profiles at the free surface (measurement error <5 percent)
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7. From this, the deceleration term of Eq. (2) was calculated and is also presented in Fig. 7 . The large fluctuation in the deceleration term upstream of the boundary layer is caused by to small fluctuations in the high velocity in this region. Still, one can see the large vorticity flux that occurs at the free surface because of the drastic drop in velocity that occurs on the ridge. Note how the flow initially decelerates ahead of the boundary layer but the peak in vorticity flux corresponds exactly to the point where the boundary layer begins.
Conclusions
From the above results, the magnitudes of the two terms in Eq. (2) may be estimated. From the theoretical calculations of the free surface profile by Harper and Dixon (197 4) , as well as the experimental results of Scott ( 1982) and those presented in Fig. 3 , one can see that the angle 8 over the deformation profile remains small such that the order of magnitude of the g cos 8 term is one or less. However, looking at Fig. 7 , we see that the deceleration term reaches an order of magnitude of four. Therefore, the dominant source of vorticity in the vicinity of a Reynolds ridge is the deceleration of the flow at the free surface as it approaches the stagnant film. Notice too, it is in a small region of about 0.5 mm that this large vorticity flux occurs at the free surface. In other words it must be within the region where the surface tension gtadient is located, as ahead of the film the water is considered clean and within the film itself no large gradients of surface tension subsist. It is interesting to note as well that this region occurs in the vicinity of the inflection point of the height profile of the ridge. It is at this point on the free surface as well that a slight downward component is detected in the velocity field. Thus all flow, but that right at the free surface moves down into the boundary layer beneath the film, while just at the free surface the flow is decelerated accounting for the change in curvature of the free surface. The vorticity generated by this deceleration is then convected downstream to form the boundary layer observed.
Also, the boundary layer profiles show evidence of approaching very small shear stress at the film as exhibited by the steepening of the boundary layer profiles far1her downstream of the ridge. This agrees with the fact that there is no longer a large surface tension gradient at the free surface in the film to support that shear stress in the flow. These profiles exhibit a shape similar to those found near a flat plate in the presence of a pressure gradient. In further experiments we hope to gain a better understanding of this free surface boundary layer.
In addition, we plan to acquire simultaneous velocity field, free surface profile, and surface tension measurements near the Reynolds ridge which will provide even more insight into the unique nature of this flow. But so far it has been determined that it is the boundary condition of the surface tension gradient at the free surface in the vicinity of a Reynolds ridge which causes the flow to dynamically conform, with a rapid deceleration over a small region, resulting in a large vorticity flux at the free surface.
A Novel Pump for MEMS Applications
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We present a novel approach for pumping fluids in micromechanical applications at extremely low Reynolds numbers. It is based on the rotation of a cylinder placed asymmetrically in a narrow duct; the differential viscous resistance between the small and large gaps causes a net flow along the channel. We report on experiments using glycerin and several em-scale prisms having circular, square, and rectangular cross-sections. The Reynolds number, based on cylinder size and angular velocity, varies in the range of 0.01-10. The flow is visualized using tracer particles. The flow generated depends on the geometrical parameters, but is proportional to the angular velocity of the cylinder. An average flow velocity that is about ten percent of the surface speed of the cylinder has been obtained.
Manufacturing processes that can create extremely small machines have been developed in recent years. Motors, electrostatic actuators, pneumatic actuators, valves, gears, and tweezers of about 10 f.Lm size have been fabricated. These have been used as sensors for pressure, temperature, velocity, mass flow, or sound, and as actuators for linear and angular motions. Current usage ranges from airbags to blood analysis (O'Connor, 1992) . There is considerable work under way to include other applications, one example being the micro-steam engine described by Lipkin (1993) . Many of these new applications will need fluid to be pumped in a duct; at such small scales this is a challenge.
There have been several studies of microfabricated pumps. Some of them use nonmechanical effects. Ion-drag is used in electrohydrodynamic pumps (Bart et al., 1990; Richter et al., 1991; Fuhr et al., 1992) ; these rely on the electrical properties of the fluid and are thus not suitable for many applications. Valveless pumping by ultrasound has also been proposed (Moroney et al., 1991) , but produces very little pressure difference.
It is important to emphasize that mechanical pumps based on conventional centrifugal or axial turbomachinery will not work at micromachine scales where the Reynolds numbers are typically small. Centrifugal forces are negligible and, furthermore, the Kutta condition through which lift is normally generated is invalid when inertial forces are vanishingly small. In general there are three ways in which mechanical micropumps can work:
(a) Positive-Displacement Pumps. These are mechanical pumps with a membrane or diaphragm actuated in a reciprocating mode and with unidirectional inlet and outlet valves. They work on the same physical principle as their larger cousins. Micropumps with piezoelectric actuators have been fabricated (Van Lintel et al., 1988; Esashi et al., 1989; Smits, 1990) . Other actuators, such as thermopneumatic, electrostatic, electromagnetic or bimetallic, can be used. These exceedingly minute positive-displacement pumps require even smaller valves, seals and mechanisms, a not-too-trivial micromanufacturing challenge. In addition, there are long-term problems associated with wear or clogging and consequent leaking around valves. The pumping capacity of these pumps is also limited by the small displacement and frequency involved. Gear pumps are a different kind of positive-displacement device.
(b) Continuous, Parallel-Axis Rotary Pumps. A screw-type, three-dimensional device for low. Reynolds numbers was proposed by Taylor (1972) for propulsion purposes and shown in his seminal film. It has an axis of rotation parallel to the flow direction implying that the powering motor must be submerged in the flow, the flow turned through an angle, or that complicated gearing would be needed.
(c) Continuous, Transverse-Axis Rotary Pumps. This is the class of machines that we propose here. We assert that a rotating body, asymmetrically placed within a duct, will produce a net flow due to viscous action. The axis of rotation can be perpendicular to the flow direction and the cylinder can thus be easily powered from outside a duct. A related viscous-flow pump was designed by Odell and Kovasznay (1971 ) for a water channel with density stratification. However, their design operates at a much higher Reynolds number and is too complicated for microfabrication. Fluid flow at the micromachine level is complicated by issues such as interfacial forces, slip-flow and Knudsen number effects. To develop an operational viscous-flow micropump one must first demonstrate its working at the macroscale where these special effects are not important. Our purpose here is to show experimentally that viscous forces can indeed be used to pump fluid at low Reynolds numbers. Reynolds numbers representative of micromachine applications in air or water can be obtained with em-size cylinders and with glycerin as the working
